We initiate the calculation of loop corrections to correlation functions in 4D defect CFTs. More precisely, we consider N = 4 SYM theory with a codimension-one defect separating two regions of space, x3 > 0 and x3 < 0, where the gauge group is SU (N ) and SU (N − k), respectively. This set-up is made possible by some of the real scalar fields acquiring a non-vanishing and x3-dependent vacuum expectation value for x3 > 0. The holographic dual is the D3-D5 probe brane system where the D5 brane geometry is AdS4 × S 2 and a background gauge field has k units of flux through the S 2 . We diagonalise the mass matrix of the defect CFT making use of fuzzy-sphere coordinates and we handle the x3-dependence of the mass terms in the 4D Minkowski space propagators by reformulating these as standard massive AdS4 propagators. Furthermore, we show that only two Feynman diagrams contribute to the one-loop correction to the one-point function of any singletrace operator and we explicitly calculate this correction in the planar limit for the simplest chiral primary. The result of this calculation is compared to an earlier string-theory computation in a certain double-scaling limit, finding perfect agreement. Finally, we discuss how to generalise our calculation to any single-trace operator, to finite N and to other types of observables such as Wilson loops.
INTRODUCTION
Introducing boundaries or defects in conformal field theories leads to novel features concerning correlation functions [1] . For instance, one-point functions can be non-vanishing and operators which have different conformal dimensions can have a non-vanishing overlap. Furthermore, such set-ups typically involve additional fields which are confined to the defect and these fields can have overlaps with the bulk fields. Via the Karch-Randall idea [2] , several examples of defect conformal field theories (dCFTs) with holographic duals have been identified.
Our focus is on a particular such 4D defect conformal theory, namely N = 4 supersymmetric Yang-Mills (N = 4 SYM) theory with a codimension-one defect separating two regions of space-time where the gauge group is SU (N ) and SU (N − k), respectively [3] [4] [5] [6] . The holographic dual is the probe D3-D5 brane system involving a single probe D5 brane with geometry AdS 4 × S 2 where a background gauge field has k units of flux on the S 2 [6] .
A number of one-and two-point functions involving both bulk and defect fields have been analysed in the zero flux case [7] [8] [9] [10] [11] , but the study of correlation functions in the presence of flux was only initiated recently. In [12, 13] , tree-level one-point functions of chiral primary operators were calculated. For non-protected operators, tree-level one-point functions are only meaningful for operators which are one-loop eigenstates of the dilatation generator. As is well known, such operators can be described as Bethe eigenstates of a certain integrable spin chain [14, 15] . A systematic method for the calculation of tree-level one-point functions of non-protected operators was presented in [16, 17] , in which the one-point function was expressed as the overlap between a Bethe eigenstate and a certain matrix product state. Using the tools of integrable spin chains, it was possible to derive a closed expression for the one-point function of any operator in the SU (2) sector valid for any value of the flux, k. The method can be extended to the SU (3) sector, which is a closed sector at the one-loop level [18] .
In the present letter, we initiate the calculation of quantum corrections to the observables of the above dCFT. We focus on the one-loop corrections to one-point functions, but our work also paves the way for the analysis of other types of correlators, of Wilson loops and of computations to higher loop orders. The major obstacle in moving on to one-loop level is that the vacuum expectation values (vevs) of the scalar fields, that realise the difference in the gauge group on the two sides of the defect, introduce a highly involved mass matrix, which needs to be diagonalised. We perform this diagonalisation by making use of fuzzy-sphere coordinates. Another complication is that the masses in the spectrum all depend on the distance from the defect, which invalidates many of the traditional field-theoretical methods. We deal with this problem by working with propagators in an auxiliary AdS 4 space instead of usual 4D Minkowski space propagators. For the one-loop corrections to the one-point functions of single-trace operators, we find that only two Feynman diagrams contribute and we regulate these using dimensional reduction. As expected, the dependence of the regulator, ε, drops out and we end up with a finite result. We relegate many details of our analysis to a forthcoming article [19] .
THE DEFECT THEORY
Our starting point is the dCFT formulated in [7] . It consists of N = 4 SYM theory coupled to a 3D hypermultiplet of fundamental fields living on a codimension-one arXiv:1606.01886v3 [hep-th] 17 Dec 2016 defect, a set-up which preserves half of the supersymmetries of N = 4 SYM theory as well as the defectpreserving conformal symmetries [7, 20] .
The action of the system is the sum of the usual N = 4 SYM action and an action describing the self-interactions of the defect fields and their couplings to the fields of N = 4 SYM theory. It will turn out that the defect fields play no role at the loop order we consider. We use the N = 4 SYM action in the form
where
and {Γ µ , Γ i } are the 10-dimensional gamma matrices in the Majorana-Weyl representation. A situation where the defect separates two regions of space with different ranks of the gauge group is realised by the so-called fuzzyfunnel solution [6] , in which three of the scalar fields of N = 4 SYM theory acquire a non-vanishing vev on one side of the defect. If the codimension-one defect is placed at x 3 = 0, the vevs of the scalar fields take the form
where i = 1, 2, 3 and where all other classical fields are set to zero. Here, t 1 , t 2 and t 3 are generators of the SU (2) Lie algebra in the k-dimensional irreducible representation. With this set-up, the gauge group is (broken) SU (N ) for x 3 > 0 and SU (N − k) for x 3 < 0.
To perform perturbative calculations, we expand the scalar fields around their classical values
Furthermore, we fix the gauge by adding the following term to the action (1):
This also cancels an unwanted term linear in the derivative, which arises when expanding (1) around the classical solution.
The resulting gauge-fixed action is
where the Gaussian part consists of the kinetic terms
and the mass terms
The interactions are given by the cubic vertices
plus a number of standard quartic vertices which will not play any role. Here, c and its conjugatec are fermionic (but Lorentz scalar) ghost fields. Note that (7) are not usual mass terms, as they depend on the classical solution φ cl i and hence on the distance x 3 to the defect. Moreover, they are non-diagonal in both flavour and colour. Not all flavours mix, though. The colour components of the gauge field A 0 only mix among themselves and not with colour components of any other fields. The same is true for the colour components of A 1 and A 2 as well as for the colour components of the scalars φ 4 ,φ 5 andφ 6 and the ghosts. For the remaining bosonic fieldsφ 1 ,φ 2 ,φ 3 , A 3 and the original fermions, the mixing problem is more complicated and involves both flavour and colour. We find that the mixing problem can be completely solved by making use of fuzzy-sphere coordinates. We present the eigenvalues and corresponding multiplicities in table I, while deferring the detailed derivation to a forthcoming paper [19] . Notice that we have left out the factor 1/x 3 in table I, which multiplies all masses in the diagonalised action. For the bosonic fields, the mass eigenvalues are expressed in terms of
The mass matrix of the fermions ψ has positive as well as negative eigenvalues. In order to obtain the canonical form of the action with positive masses, the sign of the latter can be changed via a chiral rotation of the fermions. Once we have diagonalised the mass matrix, the propagators are obtained in the usual way. Hence, a scalar propagator K(x, y) is the solution to
where the derivatives are with respect to x. If one compares this to the definition of the propagator K AdS (x, y) of a scalar in AdS 4 with massm
with the metric of AdS 4 given as g µν = (x 3 ) −2 η µν , one concludes that
with the identificationm 2 = m 2 − 2. We notice the satisfying fact that none of the scalar masses in table I leads to a violation of the Breitenlohner-Freedman (BF) bound [21] , sincem 2 ≥ − 9 4 , which is exactly the BF bound for AdS 4 . The bound is only saturated in the special case k = 2. Closed expressions for K AdS (x, y) in terms of hypergeometric functions can be found in the literature, see e.g. [22, 23] . A representation which is particularly useful for our purpose is [24] K(x, y) = g
where I ν and K ν are modified Bessel functions with ν given in (9) and with x < 3 (x > 3 ) the smaller (larger) of x 3 and y 3 . Furthermore, k = (k 0 , k 1 , k 2 ) denotes the directions parallel to the defect. For the propagators of the spinor fields, one finds by similar considerations
this time withm F = m F . For more details, we refer to [19] . Our considerations are an elaboration of the statement already made in [25] that the mass terms could be rendered position independent by performing a Weyl transformation to AdS 4 space.
ONE-POINT FUNCTIONS
With the classical fields given by (2), single-trace operators built from the scalar fields φ 1 , φ 2 and φ 3 will have non-vanishing one-point functions on one side of the defect, x 3 > 0, already at tree level with the expected spacetime dependence [1] :
where C is a constant and ∆ denotes the scaling dimension of O. For simplicity, we illustrate our method by considering operators which do not get corrected (in the theory without the defect), i.e. the chiral primaries of N = 4 SYM theory. Furthermore, we will consider the simplest such operator
At tree level, the one-point function of O is given by inserting (2) into (16), as depicted in figure 1(a) . This yields [16] 
for L even and vanishes when L is odd. Here, B L+1 (u) are the Bernoulli polynomials. We have not divided by the norm of the two-point function, since this normalisation factor will not play any role in our analysis [26] . At one-loop order, there are two possible Feynman diagrams which we depict in figures 1(b) and 1(c) and denote as the tadpole and the lollipop diagram. Symbolically, the tadpole contribution looks like
The sum is over the spectrum of the relevant (scalar) modes, and we have omitted the similarity transformations that change between the original and mass-diagonal basis. Symbolically, the lollipop diagram contributes as follows:
Here, m 1 ranges only over bosonic modes, whereas m 2 also includes fermions. The vertex factor V is ∝ 1/y 3 for scalars, gluons and ghosts in the loop but just a number for fermions. Again, we have neglected many factors. One can convince oneself that the quartic interaction terms do not contribute at one-loop order. Likewise, the defect fields do not play any role at one-loop order; the only way a defect field could contribute at one-loop order would involve a tadpole diagram of the 3D theory living on the defect, which vanishes due to conformal invariance. Both the scalar and the fermion loop are divergent and require regularisation. We regulate using dimensional reduction [27] in the d = 3 − 2ε dimensions parallel to the defect and show that all dependence on the regulator, ε, cancels out in the final result. This constitutes a strong consistency check of our calculations. For the scalar loop K(x, x) with m = 0, dimensional regularisation leads to [19] 
where the sign of the mass, m/|m|, stems from the aforementioned chiral rotation of the fermions.
In the present letter, we shall restrict ourselves to calculating the large-N contribution to the one-point function. The evaluation of the finite-N contribution poses no conceptual problems but involves colour components of the fields which can be ignored in the large-N limit. We refer to [19] for a more detailed discussion. In the large-N limit, only tadpole diagrams where the tadpole connects neighbouring fields contribute and there are L such terms. The excitations which run in the loop can either beφ 3 orφ 6 and both of the associated contributions can be calculated explicitly. This leads to the following result, valid for even L
The contribution vanishes for odd L.
The evaluation of the contribution from the lollipop diagram is considerably more involved. First, the large-N limit only constrains the type of colour components for the fields which run in the loop and not for the fields which run in the stick. Second, one needs to repeatedly use the similarity transformation which relates the mass eigenstates to the various field components. Finally, the use of a supersymmetry-preserving renormalisation scheme is crucial. Assembling the numerous contributions, we find that the lollipop contribution vanishes:
For details on the calculation, in particular on the similarity transformation to the mass eigenbasis which features heavily in it, see [19] . Notice that in both (22) and (23) all dependence on the regulator ε has cancelled out and so have the various logarithms and the Euler-Mascheroni constant. Note also that the contribution of the lollipop diagram can be equivalently obtained from the one-loop correction to the vev of the scalars, φ i 1-loop , which equally vanishes.
COMPARISON TO STRING THEORY
The present calculations open a new possibility of comparing results between gauge and string theory with less (super) symmetries. In particular, we have at our disposal a novel parameter k. In [12, 25] , it was suggested to consider a limit which consists in letting N → ∞ and subsequently k → ∞ (but k N ) while keeping λ/k
1.
In the string-theory language, the N → ∞ limit eliminates string interactions and the limit λ → ∞ justifies a supergravity treatment. The string configuration dual to a one-point function is that of a string stretching from the boundary of AdS 5 (more precisely from the insertion point of the dual gauge-theory operator) and ending on the D5-brane in the interior of AdS 5 × S 5 . In the case of a chiral primary, the string can be considered point-like and the one-point function can be computed using a variant of the Witten prescription [12, 17, 28 ]. In the limit described above, the result organises into a power series expansion in λ/k 2 . This led the authors of [12] to suggest that the result might match the result of a perturbative gauge-theory computation, which, however, would require that the gauge-theory perturbative result would likewise organise itself into a power series expansion in λ/k 2 . This idea is very reminiscent of the BMN idea [29] fostered in connection with the study of the spectral problem of N = 4 SYM theory. Here, another quantum number, J, which had the interpretation of an S 5 angular momentum of a spinning string, was considered large as well as λ while λ/J 2 was assumed to be finite. In the BMN case, it eventually turned out that starting at four-loop order the perturbative gauge-theory expansion of anomalous dimensions did not organise itself into powers of λ/J 2 [30] [31] [32] . The authors of [12] showed that the leading term in the λ k 2 expansion matches the tree-level gauge-theory result. Their supergravity result, however, also implies a prediction for the one-loop gauge-theory correction to the one-point function. The chiral primary of length L considered in [12] is not the same as (16) but has a non-vanishing projection onto the latter. Thus, the ratio of the next-to-leading-order term and the leading-order term in λ/k 2 should match the ratio between our oneloop and tree-level result. The prediction for this ratio following from [12] reads
For the tadpole diagram and the vanishing lollipop diagram, we find
which is identical to the supergravity result in the doublescaling limit. This match provides a highly non-trivial check of the gauge-gravity duality in the case of partially broken supersymmetry as well as conformal symmetry!
CONCLUSIONS & OUTLOOK
With the present work, we have laid the foundation for a detailed analysis of a class of dCFTs based on N = 4 SYM theory, which have holographic duals involving background gauge fields with flux. The flux, which is related to the difference in rank of the gauge group on the two sides of a defect, constitutes an interesting extra tunable parameter of the AdS/dCFT setup. Its presence severely complicates the field-theoretical analysis since some of the scalar fields of N = 4 SYM theory acquire non-vanishing and space-time-dependent vevs, which leads to a highly non-trivial mixing both at the flavour and at the colour level. We have solved this mixing problem and diagonalised the mass matrix of the theory. In addition, we have shown how to trade Minkowski space propagators with space-time-dependent mass terms for AdS space propagators with standard mass terms. With these two steps accomplished, the perturbative calculation of observables in the dCFT can be carried out by standard methods. We illustrated this by calculating the planar one-loop correction to the onepoint function of the chiral primary operator tr(Z L ). In a certain double-scaling limit, our gauge-theory result perfectly agrees with an earlier prediction for the same quantity from string theory. This provides a strong test of the AdS/dCFT duality at quantum level.
Our analysis can be extended in numerous directions. First, it is straightforward to extend the calculation to finite N . Second, the calculation can be generalised to any operator built of scalars. This might reveal interesting novel structures, as integrability has recently shown its face in the calculation of tree-level one-point functions in the SU (2) sector [16, 17] . It would also be interesting to investigate the types of correlators special to dCFTs such as two-point functions between bulk operators with different conformal dimensions and two-point functions involving both bulk and defect fields. Moreover, one could envision going to higher loop orders where presumably starting from two-loop order the defect fields would come into play and present further challenges. Finally, some simple examples of Wilson loops in the present defect set-up were considered in [25] , where a tree-level computation was carried out on the field-theory side and compared to a supergravity computation. As for one-point functions, agreement was observed between the tree-level and the supergravity result in the double-scaling limit described above. It would be interesting to address this at one-loop order.
